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Abstract

By transforming the Takagi equations into a representa-
tion using angular coordinates, it is in principle possible
to obtain analytical expressions for the coefficients in a
series expansion for the primary extinction factor in
perfect crystals with a circular diffraction plane. In
practice, it has been possible to obtain the first five terms
in the expansion. This involves establishing recurrence
relations for the families of Bragg and Laue boundary-
value Green functions combined with integrations over
the entrance and exit surfaces. The calculations, which
cover the whole range of values for the scattering angle,
6,,, are performed using the mathematical software
systems Mathematica and Maple.

1. Introduction

The attenuation of the diffracted intensity due to coherent
multiple scattering within a crystal is denoted primary
extinction (Darwin, 1914), whereas the intensity reduc-
tion caused by incoherent multiple scattering is known as
secondary extinction (Darwin, 1922). One of the main
difficulties when modelling extinction is to properly deal
with a crystal of finite shape. The present work addresses
just this point, emphasizing the mathematical treatment
for a perfect crystal in the shape of a cylinder or a sphere.

Analytical expressions for the primary extinction
factor exist for the case of a semi-infinite crystal plate.
For Bragg geometry, the solution was found by Darwin
(1922) and, following the development of the dynamical
theory (Ewald, 1917; von Laue, 1932), Zachariasen
derived the corresponding expression for Laue transmis-
sion (Zachariasen, 1945). Over the years, several authors
have dealt with the ‘problem of multiple scattering in
spheres. Early works include Ekstein (1951), Weiss
(1952) and Zachariasen (1963). A major development
based on the Hamilton—Zachariasen (H-Z) intensity
coupling equations (Hamilton, 1957; Zachariasen,
1967), hence mainly dealing with secondary extinction,
is due to Becker & Coppens (1974a,b).

In the present work, we use the Takagi—Taupin (T-T)
equations (Takagi, 1962, 1969; Taupin, 1964) to express
the coupling of the amplitudes of the transmitted and
diffracted plane wave fields in a perfect crystal. The
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effect of the boundary on the propagation of the waves
leads to a region structure bounded by families of
characteristics (Sommerfeld, 1949) within the finite
crystal. For crystals with a convex outer shape, we will
have both a Bragg and a Laue family of regions. This
concept is important for obtaining all contributions to the
diffracted wave field at a given exit point from the various
parts of the crystal, and has been used by several authors:
Werner and co-workers (Werner & Arrott, 1965; Werner
et al, 1966, Werner, 1974) investigated secondary
extinction based on the H-Z equations, whereas Uragami
(1969, 1970, 1971) treated primary extinction in a
parallelepipedal crystal using the T-T equations.
Uragami applied Riemann’s method for dealing with
hyperbolic partial differential equations, and obtained
closed expressions for the diffracted fields. A review of
mathematical techniques in solving the H-Z and the T-T
equations is given by Werner and co-workers (Werner et
al., 1986). Olekhnovich & Olekhnovich pursued the
ideas of Uragami and calculated numerical values for the
primary extinction factor (Olekhnovich & Olekhnovich,
1978).. Saka, Katagawa & Kato (1972a,b, 1973)
considered and classified multiple diffraction for various
scattering geometries. Further important advances con-
cerning extinction in general were due to Kato (1976a,b),
who later initiated the development of the statistical
dynamical theory (Kato, 1980a,b,c). Kato (1976a) also’
derived a relation connecting the expressions for the
integrated power in the case of an incident spherical wave
(point source) and an incident plane wave. Becker and

- co-workers (Becker, 1977; Becker & Dunstetter, 1984)

advocated the point-source concept and the series-
expansion approach, devising a powerful theoretical
foundation for treating primary extinction in finite
crystals. In the present work, we closely follow the
approach of Becker, with particular emphasis on a
rigorous treatment of all region types. We will however
not use integrations for an extended volume but explicitly
perform the surface integrations of the intensity expres-
sions for the field densities.

A problem in dealing with spherical geometry is the
description of the circular boundary contour. The method
of Uragami seems to be workable for crystals bounded by
plane surfaces only. The direct extension of this work to
a cylinder by Olekhnovich & Olekhnovich (1980) thus
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implies, in our opinion, an indirect use of a quasi-circular
boundary geometry. Authors like Kawamura & Kato
(1983) and Al Haddad & Becker (1990) devised different
schemes for approximating the circle by straight-line
segments. In the present treatment, no approximations
are made. The Takagi equations are expressed in angular
variables, which make them suitable for dealing with
boundary conditions along the circular contour.

In the first part of this paper, we establish the concept
of a generalized extinction factor for a perfect crystal:
the coupled effect on the kinematical power due to
multiple scattering, absorption and anomalous disper-
sion, ¢f. Becker (Becker & Coppens, 1974a; Becker,
1983), Hirtwig (1987) and Batterman & Cole (1964). In
the second part, we apply the general concepts to perfect
cylindrical and spherical crystals. We here only consider
the non-absorbing case. Absorption is treated separately
in another paper (Thorkildsen & Larsen, 1998).

All calculations are performed symbolically using the
mathematical software packages Mathematica Version
2.2.3 (Wolfram, 1991) and Maple V Release 3 (Char et
al., 1991a,b).

2. Generalized extinction factor

2.1. The Takagi equations in the two-beam case

The electric displacement field within the crystal is
written as an Ewald wave, D(r), built of two plane-wave
components, D, and D, representing the transmitted
and diffracted wave fields, respectively:}
D(r) =D, +D,,

= D,(r) exp(—2nik, - r) + D,(r) exp(—2nik, - r).
6]

Combining Maxwell’s equations for a dielectric medium

(Jackson, 1975), using von Laue’s approximation (von
Laue, 1932) for the electric field:

E >~ (1/€,)(1 — x.)D

with a Fourier expansion of the electric susceptibility,
%.(r), which is a periodic function in the Bravais lattice:

Xe(r) =2 x, exp(=2mip - 1),
¥4

one obtains the Takagi equations (Takagi, 1962, 1969;
Taupin, 1964), a set of partial differential equations for
the amplitudes of the wave components in a perfect
crystal. They are here written for one state of polarization
(6 or m):

aDo/aso = iKohDh
8Dh/3Sh = zﬂiﬁhDh + iKhoDo'

@)
©)

1 Here expressed as a series expansion.
1 The time-dependent factor exp(2sivr) is omitted in the equations.
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The equations are valid to first order in y,, the mean
electrical susceptibility, which for X-rays has a value of
the order of 10~>. In the derivation, it is assumed that the
magnitude of the spatial derivatives of D, p € {o, h}, is
of the same order as y,,. s, and s, are spatial coordinates
along the incident and the diffracted wave vector, K, and
K, =K, +h, respectively. The corresponding unit
vectors are denoted s, and s;. They define the diffraction
plane. h is a reciprocal-lattice vector. In this work, we
will use K, to represent wave vectors in vacuum and k,,
to represent wave vectors within the crystal.

The deviation parameter, B, is defined by (Authier &
Simon, 1968; Authier, 1996b) (cf. Fig. 1)

def

Br = Kyl — &
and the coupling parameter, «,,, by
Kpg = —KCY,_g = (r AC/VF,_,. 4

r, is the classical electron radius, A is the wavelength of
the incident radiation, C is the actual polarization factor,
V, is the volume of the unit cell and F,_, is the structure
factor associated with the reciprocal-lattice point p — g.

The first term on the right-hand side of (3) may be
eliminated by the transformation

&)

D, = Dp exp(2mif,s,)

. /)

Fig. 1. lllustration of the ‘dispersion’ surface in a two-beam Takagi case.
L,P=—KA8,,, LA = —Kx,/2y,, AC = —1Kx,(1 - y,/¥,) and
AC = |kl —k = B,. AQ =0, = |K,|| — K. L, denotes the Laue
point and L, the Lorentz point. P4 is the Anpassung. i is a unit
vector normal to the crystal surface. y, =fi-s, and y, =R -s,. T,
and T, are parts of the circles drawn from the respective reciprocal-
lattice points o and 4 with radius X = 1/A, which is the vacuum
wave number. T, and T, are drawn with radius & = K(1 +1 x,), the
wave number within the crystal.

o
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and we arrive at
aD,/ds, = ik,,D, (6)
aD,/ds), = ik,,D,. )

These coupled equations are the starting point for
obtaining the generalized extinction factor in a perfect
crystal. They can be combined to give two second-order
hyperbolic partial differential equations. The equation for
the amplitude of the diffracted wave is for instance given
by

325;,/35035;, + KhoKohDh = 0

2.2. Boundary conditions

The wave field inside the crystal is induced by an
incoming plane wave with wave vector K, The
Anpassung, ie. the change of this wave vector, as the
beam enters the crystal will be along the inward normal
vector to the. crystal surface (Pinsker, 1978; Authier,
19964a). This kinematical boundary condition is most
easily depicted using the dispersion-surface concept of
stargdfard dynamical theory, ¢f. Fig. 1. It follows that
B, = 0.

Owing to the small value of x,, the exact boundary
conditions for the fields, continuity of D, and E; across
the entrance surface (Jackson, 1975) are replaced by the
condition of continuity of D. Thus, at the point S at the
entrance surface, c¢f. Fig. 2, we have

DY(S) exp[—2nik, - £(S)] = DO(S) exp[—27iK, - r(S)).
For the transformed field, Do, we then getf
DO(S). = DY(S) exp[—2rict;s,(S)]

X exp{miK x,[s,(S) + s, (S)]}.

T The superscript (b) is used to indicate a boundary point.

®

Si

S, 8
Fig. 2. Reference coordinate systems. (s,, 5;) is used for the coordinates
with respect to the global system with origin at O. (A,, A;) is used
for the coordinates with respect to the local system with origin at S.
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ay, is the excitation error:
a, = —K A6,,sin20,,.

AG,, is the departure angle from Bragg’s law. ftx, and
3, the real and imaginary parts of the mean electrical
susceptibility, will determine the refraction and absorp-
tion of the X-rays. To keep track of the changes in the
wave vectors due to these effects, we explicitly express
the diffracted wave at the point P within the crystal by

Dk,,(P ) = D,(P) exp[—2nmik,, - r(P)]
= D,(P)exp[—2miK, - ¥(P)] exp[2ric;s,(P)]

x exp{—miK x,[s,(P) + s,(P)]}. ®

2.3. Method of solution

Using the method of Riemann for solving hyperbolic
partial differential equations (Sommerfeld, 1949;
Sneddon, 1957; Authier & Simon, 1968; Takagi, 1969),
the diffracted wave field at the point P is found by a path
integral, cf. Fig. 3.

Dy(P) = (ks /sin26,,) [ s, - dS G,(PIS)DO(S). (10)

dS is a curvilinear coordinate in the diffraction plane
along the entrance contour. dS = ndS, with n being the
inward unit normal vector to the contour at S. ik,,G, is
the boundary-value Green function, which is the solution
of the Takagi equations for the diffracted field, subject to
the boundary condition

DO(S) = 8(s;, — 5,(S))- 11)

The use of a Dirac § function in the boundary condition
leads to the concept of a point source. In principle, one
should include the factor §(z — z(S)) and speak of a field
density. z is a coordinate perpendicular to the diffraction
plane. An integration along z selects the diffraction plane
associated with S. We may thus speak of an integration
over the entrance surface. In general, G,(P|S)=
G (A,, Ay) with A, =5,P)—5,(5) and A, =
5,(P) — 5;(S). Having an incoming plane wave with

Fig. 3. Range of integration (4, B) associated with the interior point P.
BPA represents the so called Borrmann triangle.
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constant amplitude, D%,
wave at P:

Dk,,(P) = (iKhnge)/Sin 29011) f S5 - ds Gh(Ao* Ah)
S(P)

x exp(2mic, A,) exp[—miK x (A, + Ap)]. (12)

we findf for the diffracted

We have used the notation S(P) to denote that part of the
entrance surface where source points can contribute to
the diffracted wave field at P.

2.4. Generalized extinction factor for a perfect crystal

The integrated diffracted power, P,, in the case of an
incoming plane wave is obtained by a two-step
procedure:

(1) Moving the general point P to a point M on the exit
boundary. The power is obtained by integrating across
the exit surface (Kato, 1976a; Becker, 1977):

P,=[dz [s,-dM|D |*.
M
The range of integration in z now spans the vertical
dimension of the exit surface of the crystal.
(ii) Integrating the power across &= Af,,, the

glancing angle of the incident beam with respect to the
scattering plane (Zachariasen, 1945; Kato, 19804d):

Ph = f dEP,,(e).
The result is

P, =PO(1/vsin26,,) [dz [s,-dM [ s,-dS
M SM)

X |Gy(A, AR expl—p(B, + Ay, (13)

where Pf,o) is the kinematical integrated power. v is the

volume of the crystal and u = —27nKSJy, is the linear
absorption coefficient.

The generalized extinction factor, y, for a perfect
crystal is defined by

y="P/P.

In the general case of a convex crystal, the effect of the
boundary leads to a set of Green functions, each one

related to a specific region of the crystal. The regions are -

obtained by a ray-tracing procedure, which draws the

characteristics with origin at the source point S. This

divides the crystal into the various parts, m. The division
depends on the position of S on the entrance surface and
the crystal and scattering geometry. In fact, there will be
two families of Green functions:] a Bragg family (r = B)
when v, < 0, cf. Fig. 9, and a Laue family (r = L) when

1 The carrier wave exp[—2miK}, - r(P)] is omitted in (12). It will not
influence the intensity of the diffracted beam at P.

{ Corresponding to the Bragg-(Bragg)z"(”) and Laue—(Bragg)z"(”)
classification of Saka et al. (1972a,b, 1973).
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¥, > 0, ¢f. Fig. 11. y, is defined in Fig. 1. We denote the
families of boundary-value Green functions by
{G,(A,, A,lm; r)}. The generalized extinction factor is
then expressed by

y=(/vsin26,)Y> > [fdz [ s,-dM [ s,-dS

r om=m () M(m) S()

X |G(A,, Aylm; ) expl—p(A, + A})]. (14)

The sums cover both families and all the regions m’ that
have their boundaries along the exit surface.

It has been shown in the literature (Becker, 1977) that
the surface integrations can be transformed to a volume
integration for an extended volume v':

(1/sin20,)Y Y [dz [ s,-dM [ s,-dS
S(M)

r m=m(r) M(m)
= f dv =v.
v

In this work, we will explicitly carry out the surface
integrations. The actual result for the extended volune is
used as a check for the integration setup.

Performing the symbolic expansion

|W%mmmkgemmﬂ%hwmﬂ
(15)

with the parameter u defined by

(16)

£ =4(z) (a real number) is a characteristic length
parameter of the scattering system. Taking anomalous
scattering into account, u is a complex quantity:

_ 2
U= Kthhoe .

u = |u|exp(i®)
with

def
@ é(00h_+_<0}m’

lul = (¢/ Agh)’,
®py 1s the phase of «,, or equivalently the phase of the

‘structure factor F,_,. A, is an extinction length.

th d‘i_f |Kthho|—l/2'

It then follows, ¢f. (14) and (15), that the generalized
extinction factor, y, depends upon:

(i) Crystal geometry/scattering condition — through
£/A;, the actual region structure (m; r) and the surface
integration setup (z, M(m'), S(M)).

(i1) Normal absorption — through .

(iii) Anomalous scattering — through &.

With 1 and @ put to zero, we will denote the
generalized extinction factor as the extinction factor for
perfect crystals, symbolized by y,,.
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The main challenges to obtain analytical results for the
generalized extinction factor are:

(i) Obtain the Green functions, G,(A,, A,|m; r), either
in closed form or as series expansions.

(ii) Establish the algorithms for the integration setup,
i.e. the connected limits {M(m’), S(/)} for the Bragg and
Laue cases.

These are two general points, which have to be
addressed for any given crystal shape.

3. Crystals with a diffraction plane in the shape of a
' circle

3.1. Geometry and coordinates

A point in the diffraction plane is represented by the
spatial coordinates (A,, A,) measured with respect to a

local coordinate system with origin at the source point S. -

As a global coordinate system, we here use (x, y) with —x
along the reciprocal-lattice vector of the atomic scattering
planes and the origin O at the centre of the circular
diffraction plane. The positions of S and the exit point M -
are measured by the angles ¥ and ¥, between the x axis
and the radius vectors OS and OM, respectively, cf.
Fig. 4.

A convenient angular representation, (¢,, ¢,), of an
interior point is found by drawing lines parallel to s, and
s, in the opposite direction to the interceptions, N, and
N,, with the circle contour, and measure the angles
between the reference axes 7, and 7, and the radius
vectors to the peripheral points. 7, is perpendicular to s,
and 7, is perpendicular to s,. Thus, ¢, = /(z,, ON,) and
¢, = Lz, ON ). This is illustrated in Fig. 5.

The division into entrance and exit surfaces is shown
in Fig. 6. It follows that the entrance surface is defined
for

Vs € Oops O + 1) 17)
y
S
Vs
X
M
-
Sy S,

Fig. 4. Source point S and exit point M. Angular representation given by
Vs and ¥y
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with a subdivision into 4 and B parts. While the exit
surface is given by

Y € (T —0,,2m — 0,,), (18)

which is built by the 4 and D parts. Following the
notation of Saka et al. (1972a), 4-A scattering, source
point S and exit point M both positioned on 4, will be
denoted as Bragg-—Bragg scattering, while the B-D
situation will lead to Laue—Laue scattering. Similarly, the
cases A-D and B-4 are classified as Bragg—Laue and
Laue-Bragg scattering, respectively.

The relations between the spatial and angular co-
ordinates are in general given by

€08 @, = coS(Yis + 6,) + (A,5i020,,/R)  (19)
cos g, = cos(Yg — 6,,) — (A,sin26,,/R).  (20)
y
S
N, N, 7,
O,
3 9, x
‘\.:r: /tu
(swsn)
s, s,

Fig. 5. Definitions of angular coordinates ¢, and ¢, for an interior point.

Sa

T+0,, 27-0,,

D
™
s, s,

Fig. 6. Entrance (4, B) and exit (4, D) surfaces on a circle with radius R.
The scattering angle is 26,,.
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For a point on the exit surface, ¢f. Fig. 7, we have

(M) =21 — (Yy + 6,)
_ 27— (Yy —6,4) MonD
o) = Yy — 6, M on A

(03]
(22

and consequently
A, (M) + A,(M) = R[(sin Y5 — sin yr, ) /cosb,,]. (23)

It follows that the scalar product between the surface
element dS and the incident-beam direction s, is
dS -s, = sin(yrg — 6,,)R dysg (24)

while the scalar product between a surface element dM
of the exit surface, directed along the outward normal,

-

N, T
N, (M)
9.(M) *
T
| i

Mo
(b)

Fig. 7. Angular coordinates ¢,(M) and ¢,(M) for an exit point M. (a) M
on part A of the exit surface. (b) M on part D of the exit surface.
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and the diffracted-beam direction s, becomes
dM . S,, = — Sill(l#” + Boﬁ)Rde'

The extended volume, v/, is shown in Fig. 8. It is here
represented as an extended area in the diffraction plane
and has a magnitude of

V = [(7 - 6,,) + tan6,,]R*.

(25)

(26)

3.2. The Takagi equations in angular coordinates
By defining
£ = R/sin26,,,

we can express the Takagi equations using the angular
coordinates (¢,, ¢,) as

aﬁo/agao = —ik,€ sin wabﬁ
D, /d¢), = ik;,Esing,D,.

(27)
(28)

The boundary condition used to calculate the family of
Green functionst is then given by

DP(S) = [1/€sin(Yrs — 0,)18(04 — (Y5 — B,0)). (29)

It turns out that the generalized extinction factor can be
expressedi by [¢f. (14)]

t The Green functions at the exit surface are now expressed by the
angular variables ¢ and y,,, ¢f. equations (19)~(22).

{ R — R(z), the radius of the diffraction plane, in the general case.
R(z) = R for a cylinder.

5

Fig. 8. Extended volume v' for a crystal in the shape of a cylinder.
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) 1 will depend upon the value of the scattering angle 26,
y = (1/7sin26,) zr: _g -O[ dzf(2) This point will be discussed later. The boundary points,
= ¢! and’g?, associated with the interior point (g,, ¢,), will
x [ Ay [—sin(¥y + 6,5)] be at the crystal surface, ¢°, or at a border line, ¢?,
M(m) between two regions. This has been visualized in Fig. 10
x [ dyg sin(Yg — 6,,)1G, (¥, Yaglm; ) for the two classes of regions m=2p+1 and
) m=2p+2 wherep=0,1,....
x exp[—uR(z)(sin g — sin ¥,,)/c0sb,,]. (30) A careful geometrical analysis (T horkildsen & Larsen,
1997a) gives the following equations for these points:
f(2) is a shape function. f(z) = 1 in the case of a cylinder B B
and f(z) = 2(1 —7%) in the case of a sphere. z is now P +1) =20, — ¢4 (p) p=0
treated as a dimensionless coordinate. @B0) =5 —0,,
) =2m-20, ¥ pz1 (1)
3.3. Region structure o =2r— ¢, — 20,

3.3.1. Source on entrance surface A — Bragg family.
When the source point S is on the 4 part of the entrance
surface, the crystal is divided into regions as shown in ————
Fig. 9 (cf. Uragami, 1971; Becker & Dunstetter, 1984). 1 The lower limits in the integration of the Takagi equations, cf. §3.4.
The number of regions that has to be taken into account

w}S" = 290h L ZE

y
y
S
S
S, I
Sy I
s, 11 m s, X
I X
m v
V1
v
\"/
Fig. 11. Source point S on part B of the entrance surface. Region

. structure — Laue case.
Fig. 9. Source point S on part 4 of the entrance surface. Division of the

circular area into regions. Bragg case. Regions counted by Roman

numbers.

(9.(p) 0 (0.0(p)

m=3p+1
m=2p+] (¢i"’“) (q’ovq):(p)) bord:\%rdm

' 3 (900
urf (‘Pa ) 'Ph) K L 1
| m\/:mer o @ E+))
(9.9 surfa;\/;rder

o L .0, s
m=2p+2 (0.(p+1).0) (CX) mm3pa3 (9.(p+1) 00 @0
bomMace Nrd\/jm—face
©.,0) (XN

Fig. 10. Limits of integration for the integral operators — Bragg cgse.  Fig. 12. Limits of integration for the integral operators — Laue case.
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3.3.2. Source on entrance surface B — Laue family.
When the source point S is on the B part of the entrance
surface, the crystal is divided into regions as shown in
Fig. 11. The boundary points for the three classes of
regions, m=3p+1, m=3p+2 and m=3p+3,
p=20,1,..., are schematically shown in Fig. 12. The
equations for the border points become

%5(0) = Y5 + 0,

%@ +1) = 26,, — ¢ (p)
‘ﬂﬁ(o) = _Ws = Oon

G0 +1) =21 —26,, — ¢ (p).

(32)

3.4. Series expansions for the family of Green functions

We will seek the boundary-value Green functions
using the series expansions

Dy(@,, ¢1) = [1/€5in(¥5 — ,)1GO(¢,, 3)
+(1/0) i(—u)"cfﬁm, o) (33)
Dh((po’ ‘ph) = iKhoGh((po’ (ph)

o0
= it ('GP 0). (34)
The expansion parameter u is defined in (16). Since we
neglect effects due to anomalous scattering, « is a real
quantity.
From the Takagi equations (27) and (28), we obtain

0GP0, 9)/ 30, = —sing,Gr g, 0,), n 21
(3%)
0G0 01)/00s = sing GO0 @), 21,
(36)

together with

3G (@0, 91)/ 3y = [sin g, /sin(Ys — 6,)1GS (@, 01),
n=0.
This last equation gives rise to general boundary

conditions for those sections of the crystal where first-
order scattering is present.

Gz(70)(¢o’ ‘Ph) = 3(% - (‘/’s - goh)) (37)
G @y, 1) = Oy — (¥s — O,1)). (38)

© denotes the Heaviside function. We then obtain the

following .integral recurrence relations and boundary
conditions, from which it becomes possible to calculate
the series-expansion coefficients:

Do
GO (@, o4lm; 1) = GO (@b (@), oulm®s 1) — [ dg),
ACH)

x sing, GV g, gplmi ) (39)
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[
G0, pulm; 7) = G0, Ao )mbs )+ [ de,
ACHS)

x sin ¢, GSN(@,, @} |m; 7) (40)

GP(g,, gylm;r) =0 in general
GYA(@, @hlm*;r) =0

GY(¢, p4l1;B) =1

at the B and C surfaces

GO¢, plm;B)=0 m=2
G (@, il L) =1
(¢ phl2: ) =1
GCO(py plm; L) =0  m=3.

m® represents a neighbouring region or the crystal
boundary.

3.5. Integration setup

A nomenclature for the various scattering processes is
given in Fig. 13. To determine the coupled ranges of
variations for ¥ and v,,, we have to examine the sets of
inequalities given in Tables 1 and 2 combined with the
constraints given in Table 3. Separate analyses must be
performed for the classes of regions m =2p + 1 and
m = 2p + 2 in the Bragg scattering situation and for the
classess m=3p+ 1, m=3p+2 and m = 3p + 3 in the
Laue case.

Contributions to the diffracted field at the exit surface
A are shown in Fig. 14. The limiting values of 6,

nt G
A-A A-D
¥
Bragg-Bragg Bragg-Laue
ThBBm ThBLm
-
B-4 B-D
Laue-Bragg Laue-Laue
IThLBm IhLLm
N
=G, Tt G ¥, 2n-8y,

Fig. 13. The scattering processes related to entrance and exit surfaces
shown in a (¥, ¥) plot. The variables [hLLm, [hBBm, ThLBm and
IhBLm are used for the intensity of the diffracted fields in region m.
Le. |G, (W5, ¥yslm; {L, BY)|? for the various combinations of entrance
and exit surfaces: Laue-Laue, Bragg—-Bragg etc.
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Fig. 14. Contributions to the diffracted field

at the exit surface 4. s counts sections in
0o Gh[2p+ 1;B] = Gy(¥s, ¥uylm =
2p+1;B), Gh[3p +2;L] =
G,(¥s, ¥ulm = 3p+2;L). The solid,
dashed and dotted lines represent different
integration setups. The illustration indi-
cates the buildup of regions for increasing
s.

Fig. 15. Contributions to the diffracted field

at the exit surface D. Nomenclature as in
Fig. 14.
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Table 1. Restrictions on the exit point, (¢,(M), ¢,(M)),
associated with a region m in Bragg scattering

Region Inequalities
m=2p+1 Ep+1) <M =g
G@) < M) <G +1)
m=2p+2 P +2)<e,M) <gip+1)
% <o) sefp+ 1)

Table 2. Restrictions on the exit point, (¢,(M), ¢,(M)),
associated with a region m in Laue scattering

Region Inequalities
m=3p+1 Pt +1) < 9,(M) < ¢-(p)
#@) <M < g +1)
m=3p+2 e+ <pM <¢
G+ oM <dp+2)
m=3p+3 P +2) < g,M) < gi(p+1)
7 <M <ghp+1)

Table 3. Summary of the relations for the various
scattering processes, cf. equations (21) and (22) and

Fig. 6
Scattering ¥s 1%
A-A (7 = Oop 7+ 0,) (77— Gops 7+ 6,4)
A-D (7( - eohv T+ eah) (ﬂ + eoh' 2 — eoh)
B-4 (eoh’ T = ooh) (7[ - eohv T+ ooh)
B-D Bon» T — 6,1) (7 + Oop, 27 — 6,)

between the different sections are given by the relation
Oon = Oon(s) = [s/(s + D](/2).

Contributions at the exit surface D are shown in Fig. 15.
The values of the mtermediate limits within the sections
are

Oon = Oon(s) = [(2s — 1)/(2s + D](7/2).

The region structure and the limits for the surface
integrations are most conveniently shown in a (¥, ¥s)
plot. Two cases within the first section, 0 < 8,, < 7/4,
are shown in Figs. 16 and 17: #,(s) is the value of 6,,
when the parallelogram associated with the ThLLm field,
m = 3s + 1, changes orientation.f We have found that
the integrated power calculated for the 6, range
0,, € (6,4(5), 8,,(s)) is valid for the entire section, i.e.
Ouh € (eah(s)s 90;,(5’ + 1))

An extensive treatment of the structure of integrations
is given by Thorkildsen & Larsen (19974,b).

3.6. Primary extinction — cylinders and spheres

In this work, we consider a non-absorbing crystal. A
new algorithm for calculating absorption and weighted
path lengths in cylindrical and spherical crystals, based
on surface integrations, will be treated in a following

t s =0 in Figs. 16 and 17.
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paper (Thorkildsen & Larsen, 1998). Using (30) together
with the series expansion for G,, (34), it turns out that the
primary extinction factor can be expressed by

"

Yo = XD f9On)R/ Ay 5in26,)”".

n=0

(41)

The coefficients £)(9,,) explicitly depend on the
scattering angle 6,, with a separate expression for each
section s. n' denotes a practical upper limit in the
expansion.

¥s

G
n= gah

n+6, ¥,

Fig. 16. (¥, ¥5) plot, 6, = 20° < ,,(0) = 30°. -

7t+¢9,,h

=6 n+6, I Y
2n-36,,

Fig. 17. (Y. Vi) Plot, 6, = 40° > 6,,(0) = 30°.
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The transition from a cylinder to a sphere influences
the integration across the vertical dimension of the exit
surface only. In (41),

R2n — R2n(z)_) RZn(l _ZZ)n

and with the shape function, f(z), taken into account, the
integration gives

1
%Of dz (1 = 2" = (2),/(5/2),

where (), is the Pochhammer symbol (Abramowitz &
Stegun, 1965). Thus, (41) applies in both cases with

f}s)(sphere) — (2)n /(5 /2)n n(s)(cylinder). (42)

The actual region structures do not depend on R(z) but
only on the scattering angle 6,,.

4. Results
4.1. Primary extinction in a sphere

It has been possible by the method described here to
obtain analytical expressions for the series-expansion
coefficients of the primary extinction factor up to fifth
order. Owing to the complexity of the terms, we here
only present the first-order terms for a sphere. The
second-order terms are given in Appendix 4. Mathema-
tica code for the terms up to fifth order is available from
the authors on request.

For0 <46, <n/4

¥, =1 —[(8sin26,,)/57)(1 + n6b,;, — 462, — cos 46,,,
—8,,5in40,,)(R/ A, sin20,,)° +....

For m/4 <6, <m/2:

¥, = 1 —[(4sin26,,)/57](2 — n* + 676, — 862,
— 2cos46,, + wsin46,, — 26,, sin46,,)
X (R/Ay8in26,,)" + ...

According to the literature (Wilkins, 1981; Al Haddad &
Becker, 1990), a correct solution for the primary
extinction factor should be symmetrical with respect to
a reversal of the scattering geometry: y,(6,4) = ¥,(—0,1)-
By inspecting the above expressions, we find this to be
true, bearing in mind that the reversal causes 7 — —.

Fig. 18 shows the angular dependence of y, at various
values of x =R/A,, based on the expansion to fifth
order. The dots indicate the approximate numerical
calculation by Al Haddad & Becker (1990). We note
that the extinction factor declines as a function of the
Bragg angle up to a certain level, and then rises again.
The minimum point seems to be shifted towards lower
6,, values as x increases. The curves are asymmetrical
and y, (0, = 0°) < 3,0 = 90°).

PRIMARY EXTINCTION IN CYLINDERS AND SPHERES

The Al Haddad & Becker approximation is seen to be
very good at small 6,,, but there is a tendency of
overestimating the y, values at high Bragg angles. This
reflects the fact that their approximation does not
properly cover all the scattering contributions arising as
6,, increases. However, the differences are rather small
and their method allows a much greater span in x, which
cannot be verified from the present calculations owing to
the slow convergence of the series representing y,. Some
numerical results of the calculations for a sphere are
shown in Table 4.

By comparing corresponding terms in the series
expansion in the limit 6,, — 0 with that for a semi-
infinite crystal plate, we find for a sphere:

yp (eoh - O)

- i {(3 x 4")/[(2n+ 1)(2n + 3) ﬁ kz] }xz,,
n=0

k=2

=,F[3; 1,3; 4 (43)
Y,
1 ’ x=0.1
x=0.2
0.95 * x=03
0.9 x=0.4
0.8 * x=0.6
0.75 \/
N
] 20 40 60 80

Fig. 18. Angular dependence of the primary extinction factor in a
sphere. Marks indicate the approximative numerical calculations by
Al Haddad & Becker. x = R/A ;. With five terms only in the series
expansion for y,, a rather limited range in x is covered.

0 2 4 6 8 10

Fig. 19. Primary extinction factor curves at 6,, = 0 as a function of x.
Solid line: sphere; dotted line: cylinder; dashed line: slab.
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Table 4. Primary extinction factor for a spherical crystal

The absolute error in the calculated quantities is less than 2 x 107%.

x G, =0° 10° 20° 30° 40° 50° 60° 70° 80° 90°
0.0 1 1 1 1 1 1 1 1 1 1
0.1 0.9920 0.9919 0.9914 0.9908 0.9900 0.9900 0.9907 0.9914 0.9919 0.9921
0.2 0.9685 0.9679 0.9661 0.9633 0.9609 0.9612 0.9640 0.9669 0.9688 0.9694
0.3 0.9307 0.9294 0.9254 0.9198 0.9151 0.9165 0.9230 0.9292 0.9333 0.9347
0.4 0.8804 0.8782 0.8718 0.8629 0.8562 0.8602 0.8719 0.8825 0.8892 0.8915
0.5 0.8202 0.8170 0.8081 0.7962 0.7887 0.7975 0.8156 0.8306
0.6 0.7527 0.7487 0.7376 0.7237 0.7175 0.7332
0.7 0.6811 0.6764 0.6638 0.6495 0.6470
0.8 0.6084 0.6033 0.5901 0.5772
0.9 0.5373 0.5322
and similarly for a cylinder: (iii) The mixed contributions (IhLB2 and ThBL1) are
equal. It seems that pU-D— pE= represents a general
0, = 0) = Flk;1,2; —4x? (44) £ . bt -
YpOon 12135 4 4 : symmetry property of the power contributions for this

Fqla; b,c;z] is a generalized hypergeometric Sfunction
(Abramowitz & Stegun, 1965). In Fig. 19, we have
shown the results for the primary extinction factor in this
limit for a sphere, a cylinder and a semi-infinite crystal
slab (Zachariasen, 1945, 1967) with thickness 2R. We
observe that the Pendellosung oscillations are most
prominent for the slab, whereas they are barely visible
in the spherical case. It is also to be noted that
yiphere) . y(oylinder) . GSlab) for every x. This is expected,
taking into consideration the different distributions of
path lengths within the various crystal geometries.

4.2. Expansion coefficients — asymptotic behaviour

The coefficients £)(8,,) are depicted in Fig. 20. They
are continuous across the different borders in s. We find
that the maxima of the curves decrease and shift towards
higher 8, values as » increases. The lowest orders in the
series expansions are n = m/2 within the Bragg family
and n=(m+3)/6 within the Laue family (integer
division). Then, by examining Figs. 9 and 11 and
relating their structures to that of a (v, ¥) plot, it
becomes apparent that there will be an asymptotic limit
for £, i.e. an upper value for s, s, (1), beyond which
no new contributions to the integrated power are
generated to the order n. This should occur for

n odd

h even.

Sm:n+2,

Spax =1+ 3,

In practice, we always find the asymptotic limit for
s =8, — 1. Fig. 21 shows the contributions to the
coefficient f; for the different scattering processes.

We note the following features:

(i) The curves are all asymmetrical but continuous.

(ii) The derivative of the InLL2 curve is not continuous
at 6,, = 45°. This is in accordance with Werner et al.
(1966) who pointed out that the diffracted fields, but not
their derivatives, had to be continuous at the region
borders.

crystal geometry. It is found that the contributions are
equal about the diagonal line g = —,, + 27 in the
Wy ¥s) plot, ie. hBL[m =2p + 1]
ThLB[m = 6p + 2] and ThBL[m =2p + 2]
ThLB[m = 6p + 5].

A
1
0.8 f1
0.6
0.4
0.2 a
- __A
0 20 40 60 80 Eon

Fig. 20. First- to fifth-order expansion coefficients for the primary
extinction factor in a sphere.

20

40 60 80

G
Fig. 21. Contributions from the various scattering modes at the exit
surface to the coefficient f; of a spherical crystal.
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5. Conclusions

The calculations of the coefficients for the primary
exfinction factor are very time and memory consuming.
They were performed on a PC equipped with a 90 MHz
Pentium processor and 64 Mbyte of RAM. The fifth-
order term represents the upper limit accessible with
respect to both the hardware and the software.

The use of numerical methods would be a way to
extend the range of (0,,,x) for which values for the
primary extinction factor could be calculated. However,
based on the results presented in Fig. 18, this will give
little new compared with the approximative treatment of
Al Haddad & Becker (1990).

It will perhaps be more interesting, from a theoretical
point of view, to adopt the method of solving Takagi’s
equations presented by Werner et al. (1966) to the
angular representation of these equations, (27) and (28).

APPENDIX A4
Expansion coefficients £, s = 1-3

We here present the second-order expansion coefficients
for the primary extinction factor. The asymptotic level is
reached for s = 3.

s=1lor0<6,<n/4

£ = (sin26,,/1057)(512 — 212 cos 26,
— 21676, cos 26,, + 86462, cos 26,
— 512cos 48, + 217 cos 66,, — 5 cos 106,
+ 1087 sin 26,, — 12480, sin26,,
+ 1386, sin 66,, — 66,,, sin 106,,). (45)

s=2orn/4<6, <nm/3:

12 = (sin26,,/1057)(512 + 337 cos 26,
— 3247% cos 20, + 230476, cos 26,
— 403262, c0s 26,;, — 512 cos 46,, — 432 cos 66,
+ 2167 cos 66, — 151276, cos 66,
+ 259262, cos 68,, + 72 cos 106, + 22 cos 146,
+ cos 186,;, — 7447 sin 26,, + 2167° sin 26,
+ 22500, sin 26,, — 230476, sin 26,
+ 8064762, sin 26,, — 921662, sin26,,
+ 4897 sin 66,, — 17286, sin 66,, — 397 sin 106,
+ 1446, sin 106, — 127 sin 146,,

+420,, sin 146,)). (46)

s =3 orn/6 <0, <3m/8. The result is valid for the.
entire range 7/6 <6, < m/2.

PRIMARY EXTINCTION IN CYLINDERS AND SPHERES

12 = (sin26,,/105w)(—95 cos 26, + 1807 cos 26,
— 93676, c0s 26,, 4+ 115262, cos 26,,
+ 81 cos66,, + 9cos 106,, + 5cos 149,
+ 1087sin26,, — 727° sin 26, — 3426, sin 20,
+ 57676, sin 26, — 1440762, sin 26,
+ 115263, sin26,, — 1237 sin 66,
+ 2168, sin 66,, — 187sin 106, + 366,,, sin 106,
— 3msin 146,, + 66,, sin 146,,). 47)

Parts of this work have been presented at the
International School of Crystallography, 23rd Course.
X-ray and Neutron Dynamical Diffraction: Theory and
Applications, Erice, Italy, 1996.
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